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Abstract. We report finite-cluster diagonalizations which clarify the role of apical oxygen
orbitals and of the copper d3z2−r2 orbitals in the ground-state electronic properties of high-
temperature superconductors. The hole density distribution and spin–spin correlation functions
are analysed as functions of interoxygen hopping and other parameters. The main conclusion
is that for universally accepted parameters for CuO2 planes, small levels of doping and no
phonons, the three-band Hamiltonian suffices to describe the properties of the ground state and
the inverse photoemission.

1. Introduction

In spite of extensive theoretical and experimental studies, the electronic structure of high-
Tc superconducting oxides (HTSO) is still not fully understood. It is commonly accepted
that the electron transport and the physical processes leading to superconductivity originate
from the partially occupied electronic states within the CuO2 planes. Several experiments
performed on the HTSO indicate anomalous behaviour and are hard to explain using band-
structure calculations, or other implications of the independent-electron approximation. The
importance of hole correlations at Cu orbitals is manifested by the fact that the undoped
parent high-Tc compounds are charge-transfer insulators with a band gap of between 1.5
and 2.0 eV, and exhibit an antiferromagnetic (AF) long-range order (LRO) in the ground
state. In contrast, the local density approximation (LDA) calculations [1, 2] predict that the
undoped La2CuO4 and YBa2Cu3O6 are nonmagnetic metals. The AF LRO may be easily
understood in the ionic limit by occupying the 3d9 (3dx2−y2 hole) configurations of Cu ions
in the undoped system. Due to the strong Coulomb repulsion between the holes at Cu sites,
the extra holes introduced by doping reside primarily on oxygen sites, as shown by various
spectroscopic experiments [3, 4]. This is another consequence of electron correlations and
at the same time an explanation of why LDA (except for the LDA+U approach [5]) cannot
work for these systems, and one has to use a many-body approach instead.

The theoretical challenge is to find the simplest model of the copper–oxygen plane
which would contain all the essential physical aspects. The electronic structure calculations
suggest [1, 2] that a good starting point is provided by the so-called three-band model [6, 7],
including copper 3dx2−y2 orbitals and oxygen 2pσ orbitals. However, it has been pointed out
[8] that for a realistic description of the principal features of the cuprate superconductors,
like for example the insulating gap in the undoped parent compounds, one has to include
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also the orbitals of apical oxygens. The differences between various HTSO result from
either octahedra, or pyramids or squares composed by oxygen ions surrounding a central
copper ion of the CuO2 plane.

Several experiments indicate that the out-of-plane apical oxygen orbitals are also
involved in accommodating some of the holes doped into CuO2 planes [9, 10]. In addition,
various mechanisms of superconductivity have been proposed in which the 3d3z2−r2 orbitals
play an essential role [11–13]. Furthermore, there is evidence that the apical oxygens modify
the electronic structure in a way that is important for superconductivity. For example, a
significant isotope effect has been observed for the apical oxygen [14], and there exists a
clear correlation between a maximum critical temperatureT max

c reached in different cuprates
and the copper-to-apex bonding [15], as well as the Madelung potential at the apical oxygen
measured with respect to that at the oxygens in the planes [16]. This motivates the use of
the five-band model introduced in [16–18]. Furthermore, it became clear recently that such
an extended model which includes the apical oxygen orbitals is inevitable if one wants to
account for the differences between the values of the maximal transition temperatureT max

c

in different cuprates, using an effective single-band model which reproduces the low-energy
scale [19].

The oxygen orbitals in the CuO2 plane combine to two local symmetries which hybridize
either with 3dx2−y2 or with 3d3z2−1, respectively: the b1 symmetry1

2(px − py − p−x + p−y),
and the a1 symmetry 1

2(px + py − p−x − p−y), assuming the commonly used convention
for the orbital phases [20]. As Zhang and Rice pointed out [20], a hole in a copper dx2−y2

orbital and a hole in the b1-symmetry oxygen orbital form a local singlet for the realistic
parameters, and the three-band model does reduce to an effective single-bandt–J model.
Such a mapping may break down, however, if the triplet states stabilized by the occupancy
of apical oxygen pa and copper d3z2−r2 orbitals are energetically close to the Zhang–Rice
(ZR) singlets [21]. Therefore, it is important to investigate the value of the splitting between
the lowest singlet and triplet states, and under what circumstances this splitting decreases.

Following this motivation, we investigate here the role of the copper d3z2−r2 and apical
oxygen pa orbitals in the electronic structure of the CuO2 plane. Our first aim is to study the
ground state in order to: (i) determine the filling of d3z2−r2 and apical oxygen pa orbitals, and
(ii) establish the role of such electronic structure parameters as interoxygen hoppings which
determine the covalency,tpp and tpa, the bare atomic level energyεa at the apical oxygen,
and, finally, the crystal-field splittingεz between the copper dx2−y2 and d3z2−r2 orbitals, in
the formation and stability of the ZR singlets. Furthermore, it is of interest to investigate the
AF correlations for the ground states of both undoped and doped copper–oxygen clusters,
even realizing that information gained from small cluster calculations is somewhat limited.
We also studied the excited states in order to find out whether the states of a1 symmetry
might be observed in low-energy photoemission.

The paper is organized as follows. In section 2 we introduce the five-band Hamiltonian
and discuss its parameters. Section 3 is devoted to the presentation of numerical results
obtained for the ground state of CuO6 and Cu2O11 clusters. These results are compared
with other theoretical and experimental results. A summary and final conclusions are given
in section 4.

2. The five-band model

The five-band extended Hubbard model for the electronic states of CuO2 planes of the
HTSO consists of the following orbitals: dx2−y2 (x-) and d3z2−r2 (z-) orbitals for copper
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atoms, the bonding pσ , i.e. 2px and 2py , orbitals (p) for oxygen atoms in the plane (along
the bands) and the 2pz orbitals (a) for the out-of-plane apical oxygen ions. Using the
simplified notation where we call the orbitals involvedx, z, p, and a, respectively, the
Hamiltonian of the five-band model reads

H =
∑
m,ασ

εαnm,ασ + εp

∑
i,σ

ni,pσ + εa

∑
k,σ

nk,aσ +
∑

〈m,i〉,ασ

tαp(d†
m,ασpiσ + HC)

+ tza
∑

〈m,k〉,σ
(d†

m,zσakσ + HC) + tpp

∑
〈i,j〉,σ

(p
†
iσ pjσ + HC)

+ tpa

∑
〈i,k〉,σ

(p
†
iσ akσ + HC)

+ Ud

∑
mα

nm,α↑nm,α↓ + Up

∑
i

ni,p↑ni,p↓ + Ua

∑
k

nk,a↑nk,a↓

+
(

Uxz − 1

2
Jxz

) ∑
m

nmxnmz + Jxz

∑
m

(d
†
m,x↑d

†
m,x↓dm,z↓dm,z↑ + HC)

− 2Jxz

∑
m

Smx · Smz +
∑

〈m,i〉,α
Uαpnmαnip +

∑
〈m,k〉,α

Uαanmαnka. (1)

Here thed
†
m,xσ andd

†
m,zσ (dm,xσ anddm,zσ ) are hole creation (annihilation) operators in

the orbitals dx2−y2 and d3z2−r2 at copper ions, respectively, thep†
iσ stand for the pσ (2px

and 2py) orbitals at oxygen sites in CuO2 planes, while thea†
kσ refer to the apical oxygen

orbitals. Furthermore,Smx and Smz are the corresponding hole spin operators for a hole
in one of the copper orbitals. The hole number operators are defined in a standard way,
e.g.,nm,ασ = d

†
m,ασ dm,ασ , nmα = ∑

σ nm,ασ for the copper orbitals, withα = x, z, etc. The
sums over the respective nearest-neighbour pairs of a given type are indicated by〈ij〉. For
convenience, we have indicated the summations over the copper, in-plane oxygens, and
apical oxygens bym, i (j ), andk, respectively.

The first three terms of (1) specify the reference hole atomic energies:εx , εz, εp, and
εa, for the different types of orbital. The hopping elementstαp (α = x, z), tza, tpp, and tpa

stand for the copper–oxygen, oxygen–oxygen-in-plane, and oxygen-in-plane–apical-oxygen
hopping, respectively. The on-site intraorbital Coulomb interactions are described byUd -,
Up- andUa-elements, while the interorbital Coulomb and exchange elements at Cu sites are
defined asUxz and Jxz. Only the most important intersite Coulomb interactions between
nearest-neighbour copper and oxygen sites,Udp andUda, are included in (1).

For convenience we are using the hole notation throughout the paper. The orbital wave
functions were chosen to be real and we follow the same phase convention as in [20].
We fixed the phases of the apical oxygens by assuming a local mirror symmetry plane
which results in the same signs of the hopping elements connecting the 3dz2−r2 orbital
and upper (lower) apical oxygen. Note that the phases were not explicitly included in
equation (1), to simplify the notation. The vacuum of Hamiltonian (1) is defined by the
3d102p6 configuration. With respect to this state we are interested in: (i) the two-hole
solution describing the doped system in the simplest Cu1O6 cluster; (ii) the two-, three-
, and four-hole solutions describing the undoped, doped and overdoped systems for the
Cu2O11 (Cu2O9) cluster, respectively.

The ground state of the multiband model Hamiltonian (1) depends on the actual values
of the parameters. In order to represent the holes within CuO2 planes which include the
apical oxygens, we have used the parameter set given by Grant and McMahan [8] (see the
‘realistic’ parameters in table 1). They were determined from the LDA calculations by using
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Table 1. Various sets of parameters of Hamiltonian (1) (in eV) used in the calculations.

Realistic set Ovchinnikov set Three-band
[8] [39] model

εx 0.00 0.00 0.00
εz 0.64 9.64 9.64
εp 3.51 3.51 3.51
εa 2.05 9.05 9.05

txp 1.30 1.30 1.30
tzp 0.75 0.75 0.00
tza 0.82 0.00 0.00
tpp 0.65 0.65 0.00
tpa 0.33 0.00 0.00

Udd 8.96 8.96 8.96
Uxz 6.58 6.58 0.00
Jxz 1.19 1.19 0.00
Up 4.19 4.19 4.19
Ua 3.67 3.67 3.67

Uxp 0.52 0.52 0.00
Uzp 0.52 0.52 0.00

Uxa 0.18 0.18 0.00
Uza 0.18 0.18 0.00

a ‘fixed-charge’ method, as described in [22]. We note that quite similar parameters were
obtained also from other LDA calculations [23], and from a combination of spectroscopic
data,ab initio results and some scaling arguments [24, 25].

In table 1 we have also included the three-band model parameters. Using this set of
parameters one can reduce the five-band model (1) to the three-band model [6, 7]:

H = εd

∑
mσ

d†
mσdmσ + εp

∑
iσ

p
†
iσ piσ + tdp

∑
〈i,j〉,σ

(d†
mσpiσ + HC)

+ Ud

∑
m

nm,d↑nm,d↓ + Up

∑
i

ni,p↑ni,p↓ + Udp

∑
〈m,i〉,σ,τ

nm,dσ ni,pτ . (2)

Here we have used the commonly used notation for the charge-transfer model, withdmσ

andnm,dσ standing for the respective hole operators for the 3dx2−y2 orbitals at Cu sites, and
εd for the hole energy at copper sites.

In order to make a systematic study to investigate the influence of the apical oxygens
on the electronic structure, and their role in covalency, we determined the ground state and
first excited states of the five-band model (1) for different values ofεa, tpp and tpa. The
many-body problem posed by Hamiltonian (1) was solved by numerical diagonalization.
The size of the matrix could be reduced by using a few symmetries of the Hamiltonian
which commutes both with the total hole number operator, and with the operator of the
z-component of the total spin. We used the exact diagonalization for the CuO6 cluster,
while the results for the larger clusters were obtained using the Lanczos method [26–29].

The ground states obtained in the various situations considered have been analysed by
calculating: (i) the excitation energies of the lowest excited states; (ii) the hole density
distribution 〈ni,ασ 〉 for the copper and oxygen orbitals; and (iii) spin–spin correlation
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functions, defined in the usual way:

〈Siα · Sjβ〉 = −1

2
〈c†

i,α↑cj,β↑c
†
j,β↓ci,α↓ + c

†
j,β↑ci,α↑c

†
i,α↓cj,β↓〉

+ 1

4
〈ni,α↑nj,β↑ + ni,α↓nj,β↓ − ni,α↑nj,β↓ − ni,α↓nj,β↑〉. (3)

Here the spin operatorsSiα = 1
2

∑
τσ

c
†
i,ασσστ ci,ατ , theσ are the Pauli matrices, and theci,ασ

each stand for one of the operators:di,xσ , piσ , or aiσ (as appropriate), wherei labels the
site in the cluster andα, β = x, z, p, a are the orbital indices (α 6= β).

The spin–spin correlation functions are nontrivial, and were analysed with special
attention. We have determined, for various dopings (i.e., for different numbers of holes
in the cluster), the spin–spin correlation function (3) in the Cu2O11 cluster connecting the
two copper spins within dx2−y2 orbitals, Sxx ; and that connecting the copper dx2−y2 hole
and the hole on the bridge oxygen (which is representative of the respective spin–spin,
copper–oxygen b1-symmetry-type correlation in the infinite system),Sxp. The other spin–
spin correlation functions were found to be very small for realistic parameters due to the
low occupancy of d3z2−r2 and apical orbitals, and will not be considered further.

Figure 1. The singlet–triplet phase diagram on the(tpp , εa) plane, as obtained for a Cu1O6

cluster filled by two holes for the realistic parameters, given in table 1. The solid (dashed) line
corresponds totpa = 0.33 eV (tpa = 0).

3. Numerical results

3.1. The ground state of the Cu1O6 cluster

We start our analysis with a Cu1O6 cluster filled by two holes. One finds that depending on
the values of the energy of the apical oxygen orbitalεa, and on the value of the interoxygen
hopping parametertpp, the ground state is either a ZR singlet [20], or a triplet, as shown in
figure 1. In fair agreement with Fujimori [30], we find a singlet ground state when the extra
hole is in a b1-symmetry (dx2−y2-like) molecular orbital composed of the in-plane oxygen
orbitals, and makes the bonding with the opposite spin within the Cu (3dx2−y2) orbital.
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Figure 2. Hole densities〈niα〉 for a Cu1O6 cluster filled by two holes for the realistic parameters,
as functions of the interoxygen hopping,tpp (top), and of the apical orbital energyεa (bottom).
Solid, long-dashed, medium-dashed, and dotted lines correspond to the hole numbers within
dx2−y2 (x-), pσ (p), d3z2−r2 (z-), and pa (a-) orbitals, respectively.

The two states have drastically different hole distributions, as shown in figure 2. In the
region of the ZR singlet in the phase diagram one finds thatonly the planar oxygenpσ and
copperdx2−y2 orbitals are important. In this case the doping occurs mainly on the oxygen
orbitals within the plane. In contrast, the triplet ground state is characterized bysignificant
occupation numbers for all of the orbitals in the cluster. This shows that the doped hole
(with respect to the one-hole state which stands for the undoped system) occupies the a1-
symmetry state, and the molecular triplet (instead of a singlet) is stabilized by the on-copper
exchange interactionJxz. In fact, the triplet region is considerably decreased forJxz = 0.

As expected, increasingεa stabilizes the ZR singlet state, while the triplet state is stable
for εa < 1.7 eV (see figure 1). This finding is in perfect agreement with the earlier results
of Eskeset al [31], and Fujimori [30]. The crossover to the triplet state is accompanied by
a drastic redistribution of hole density, with almost one hole occupying the a1-symmetry
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(3d3z2−r2 and 2pa) states (see the lower panel of figure 2). Furthermore, the ZR singlet is
stabilized by the interoxygen hopping due to its stronger contribution to the bonding in this
state. In contrast, the triplet is stabilized by increasing the in-plane–apex-oxygen hopping
tpa, as shown by the transition lines fortpa = 0 and tpa = 0.33 eV in the{εa, tpp} phase
diagram of figure 1. We have verified that the hole density decreases within the apical
orbitals with decreasingtpa.

Figure 3. The energies (En) of the lowest-energy states of b1-symmetry singlet (the Zhang–Rice
singlet, solid line), and of a1-symmetry triplet (dashed line) and singlet states, as obtained for
a Cu1O6 cluster filled by two holes by varying interoxygen hoppingtpp (top) and the apical
orbital energyεa (bottom); the other parameters are from the realistic set (see table 1). Arrows
indicate the point of crossover between the ZR singlet and a1-triplet ground state.

We note that for the realistic parameters of [8] one finds a singlet ground state for the
CuO6 cluster. The singlet–triplet excitation energy, shown in figure 3, is relatively small
in the regime investigated. We emphasize that the singlet–triplet transition presented in
figures 1–3 results from the competition between the b1 (ZR) singlet stabilized by thex–p
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Figure 4. Singlet (solid line) and triplet (dashed line)
energies versus interoxygen hoppingtpp , as obtained
for a Cu1O6 cluster filled by two holes; the parameters
are from the Ovchinnikov set (see table 1).

Figure 5. The singlet–triplet phase diagram on the (tpp ,
εz) plane, as obtained for the Cu1O6 cluster filled by
two holes with the realistic set of parameters.

covalency, and the a1 singlet stabilized by Hund’s rule. Instead, Ovchinnikov claimed that
a different triplet state of b1 symmetry might be stabilized by the increasing interoxygen
hoppingtpp [32]. In order to reproduce the physical situation studied in [32], we considered
two holes within the CuO6 cluster using the restricted b1 subspace, putting in the bare atomic
levels of d3z2−r2 and apical oxygen orbitals,εz and εa at high energies (over 9 eV), and
assuming no hybridization between the orbitals of different (b1 and a1) symmetry. Using
the set of parameters as given in table 1, one finds no crossover between the singlet and
(b1) triplet when the covalencytpp is varied (figure 4). Even a small value of the intersite
exchange interaction between d and p orbitals of the three-band model (considered in [32])
is not able to change our qualitative conclusion that the singlet–triplet splitting within the
subspace of states of b1 symmetry is large, and in factthe increasing covalencytpp stabilizes
the ZR singlet further. Thus, there is no new ferromagnetic contribution in a CuO6 cluster,
linear in the covalency and promoted by the p–p hopping, contrary to the conclusion of [32].

Our study of the ground state of the CuO6 cluster is completed by considering the role
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of the crystal-field splittingεz. It is found that the a1 triplet is stabilized by the decreasing
value ofεz as shown by the phase diagram in the{εz, tpp} plane presented in figure 5. This
dependence is quite strong, and, for instance, without the crystal-field splitting (εz = 0)
the ground state is an a1 triplet for the realistic values oftpp and tpa (see figure 5). This
demonstrates the importance of the copper d3z2−x2 orbital in the stabilization of the a1-triplet
state. The participation of the d3z2−x2 orbital in the triplet ground state follows also from
the increasing triplet stability with the increasing value oftpa.

3.2. The ground state of the Cu2O11 cluster

Such qualitative trends as the increasing role of the a1-symmetry states with either a
decreasing value of the crystal-field splittingεz, or with an increasingtza-hopping, are
also observed for the larger Cu2O11 cluster. Our purpose is to demonstrate to what extent
the larger covalency between the orbitals within the CuO2 plane favours the b1 states.

We have analysed the ground state of a Cu2O11 cluster filled byN = 3 holes as a
function of: (i) the interoxygen hoppingtpp; and (ii) the apical oxygen energyεa in the
doped case. The ground state appears to be always a low-spin (S = 1/2) state in the
region of model parameters investigated, but one finds two different ground states when the
interoxygen hoppingtpp is varied, corresponding to the above-discussed ground states of
the CuO6 cluster withN = 2 holes. While the two holes of the undoped Cu2O11 cluster
occupy the b1 states, the added hole has predominantly a1 character, iftpp 6 0.35 eV (see
figure 6). In this case the local components of the triplet discussed above for the CuO6

cluster dominate and combine with the remaining down-spin hole to form a low-spin state.
Thus, the spin compensation is nonlocal for smalltpp. In contrast, the other ground state
stabilized bytpp > 0.35 eV is dominated by the local components of ZR singlets, which
combine again with the remaining up-spin hole on the other site. As in the earlier studies
[16, 30, 33], we have found that the ground state in the Cu2O11 cluster is well represented
by a ‘bonding’ state of two components with (local) ZR singlets formed around the copper
holes in the realistic range of parameters. The transition between the two different ground
states is of first-order type.

As found by Ohtaet al [16], the first excited state for the realistic parameters is mainly
represented by the ‘anti-bonding’ state of the two ZR singlets. This picture is also confirmed
by the results obtained for the clusters with apical oxygens. The measure of stability of
local singlets is given by 2|t | [33], with the effective hoppingt ' 0.5 eV [16, 33], and
decreases with decreasing values of eithertpp, or εa, in fair agreement with the work of
Eskeset al [33].

We have found that the stability of the ground state with the ZR singlet components
is influenced strongly by other (mainly triplet) components involved in the first-excited
state. The crossover to a ground state with large triplet components is accompanied by the
change of the first-excited state, which contains then the triplet components instead of the
anti-bonding combination of two local singlets at either site, in agreement with the earlier
result of Tohyama and Maekawa [34]. Such a crossover could be identified not only for a
decreasing value of interoxygen hopping in the plane (figure 6), but also for a decreasing
value of the bare atomic levelεa (see figure 7). Altogether, this allows one to conclude
that the local ZR singlets are stabilized by their covalency between the copper and in-plane
oxygen orbitals, if the energy of apical oxygen orbitals is not too low, which supports the
earlier findings by Ohtaet al [16].

The changes in the hole density distribution with varying apical oxygen level energy
εa can be followed in detail in figure 7. As expected, the occupancy of the apical oxygen
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Figure 6. Hole ↓-spin 〈niα↓〉 (upper) and↑-spin 〈niα↑〉 (lower) hole densities for the Cu2O11

cluster filled by three (two↑-spin and one↓-spin) holes for the realistic parameters of table 1,
as functions of the interoxygen hopping,tpp . Solid, long-dashed, medium-dashed, and dotted
lines correspond to the hole numbers within dx2−y2, pσ , d3z2−r2, and pa orbitals, respectively.

orbitals pa increases with decreasingεa which reflects the increasing component of the
local triplets in the ground state. But more importantly, the crossover to the ground state
dominated by the local triplet components occurs here in a continuous way, unlike in the
case of decreasing covalencytpp (see figure 6). The more localized character of the triplet
components at low values ofεa is demonstrated by the increased (decreased) dx2−y2 (2pσ )
density of the down-spin hole in figure 7. We note that the occupancy changes due to the
variation of εa are in fair agreement with the results of the slave-boson treatment of the
five-band model by Feiner, Grilli, and Di Castro [18].

The hole density distributions for the undoped and doped Cu2O9 and Cu2O11 clusters
and for the realistic parameters for CuO2 planes [8] are summarized in table 2. In the
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Figure 7. As figure 6, but for varying apical orbital energyεa .

undoped system (N = 2) one finds that the a1 orbitals are unoccupied and that the hole
density at Cu (3dx2−y2) and O (2pσ ) orbitals is 0.67 and 0.33, respectively. This density
distribution practically reproduces the earlier results obtained by exact diagonalization for
the Cu4O8 cluster with periodic boundary conditions [35, 36], and by localansatzmethod
for a nonmagnetic and AF state of the CuO2 plane [37, 38]. On comparing these fillings
with those for the doped systems (see table 2), we note that the largest increase of hole
density under doping occurs in the planar oxygen orbitals pσ , reflecting the well known fact
that due to the strong Coulomb repulsionUd at copper ions the doped holes go mainly to
oxygen sites [37], and lead to the formation of ZR singlets [20].

The apical orbitals are partly occupied by the doped hole, with about 4% of a hole
coming to both (initially empty) 3d3z2−r2 and 2pa orbitals in the Cu2O9 cluster, and
considerably larger fillings of 10.6% and 15.5%, respectively, in the Cu2O11 cluster (see
table 2). This demonstrates once again that a stronger covalency of a1 states in the Cu2O11
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Table 2. Hole densities within dx2−y2, d3z2−r2, pσ , and pa orbitals in Cu2O9 and Cu2O11

clusters for the realistic parameters of high-Tc superconductors (table 1), and for various total
numbers of holesN = 2, 3, and 4.

N = 2 N = 3 N = 4

Cluster Orbital 〈ni〉 〈ni↑〉 〈ni↓〉 〈ni〉 〈ni〉
Cu2O9 dx2−y2 1.334 1.096 0.413 1.509 1.602

d3z2−r2 0.002 0.030 0.009 0.039 0.082
pσ 0.662 0.841 0.569 1.410 2.072
pa 0.002 0.032 0.009 0.041 0.244

Cu2O11 dx2−y2 1.330 0.994 0.435 1.429 1.293
d3z2−r2 0.004 0.086 0.020 0.106 0.353
pσ 0.663 0.796 0.514 1.310 1.548
pa 0.003 0.124 0.031 0.155 0.806

cluster increases their hole occupancy. In this latter case the fraction of holes on copper
d3z2−r2 orbitals amounts to about 3.5% of the total number of holes in the cluster, i.e. to
about 7% of the hole count at oxygen sites. These results are in fair agreement with the
experimental results of Pellegrinet al [39], and Chenet al [10], who found that the fraction
of apical oxygen holes and copper d3z2−r2 holes is close to 10% and 3± 3% respectively
(for x = 0.3, wherex is the dopant concentration).

The clusters filled byN = 4 holes in table 2 represent the highly overdoped regime.
First of all, the density of holes within the a1-symmetry states in then much enhanced
with respect to the clusters filled byN = 3 holes. Again, the role of covalency within
the a1 subset of states is reflected in the strong increase of the a1-hole count, from∼0.08
and∼0.24 to ∼0.35 and∼0.81, by going from the Cu2O9 to Cu2O11 cluster, respectively.
Secondly, by studying the energy spectra as functions oftpp andεa (not shown), one finds
that the triplet excited state is quite close to the singlet ground state for a broad range of
parameters, with no crossing of these two energies. Analysing the occupancies one can
identify the same two regions of behaviour as described above forN = 3 holes. The only
qualitative difference was found for the Cu2O11 cluster, where the largest component of the
ground state contains a single ZR singlet, while the second hole occupies predominantly
the apical oxygen orbitals pa (∼0.4 of a hole per spin).

The different magnetic properties of the ground states of Cu2O11 clusters are best
illustrated by the spin–spin correlation functions (3) connecting the two copper sites,Sxx ,
and connecting a copper hole and the hole which occupies the neighbouring oxygen orbitals,
Sxp, shown in figure 8. Both functions are AF over the whole parameter range investigated,
but their strengths depend on the nature of the ground state obtained (see figure 8). The
strong AF correlation between the copper sites atN = 2 follows just from the relatively
high occupancy (∼0.67 per site) of the dx2−y2 orbitals (see table 2), while the small negative
values of|Sxp| follow from the weak covalency.

At N = 3 one finds a sharp crossover in the spin–spin correlations with increasingtpp,
which occurs attpp ' 0.35 eV, similar to that observed before for the density distribution
(figure 6). For large (close to realistic) values oftpp, Sxx goes to zero, while|Sxp| becomes
more negative. Thus, in this range of parameters the AF correlation between the two copper
dx2−y2 orbitals gradually disappears with increasingtpp, and is replaced by the increasing AF
correlation between the copper dx2−y2 hole and the hole within the planar oxygen orbitals.
This manifests the formation of the ZR singlet (local Kondo effect), accompanied by a
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Figure 8. Spin–spin correlation functions:Sxx (top) and Sxp (bottom) versus interoxygen
hopping tpp , as obtained for the Cu2O11 cluster with the realistic set of parameters (table 1).
Long-dashed, solid, and short-dashed lines stand for the cluster filled by two, three, and four
holes, respectively.

single hole on the second copper site. The local screening of the magnetic copper moment
by the doped hole becomes more extended with increasingtpp, and one finds that the
correlation functionSxx becomes ferromagnetic for higher than realistic values oftpp > 0.8
eV. This behaviour reflects the well known frustration of the magnetic interactions in the
doped system [40]. In contrast, fortpp < 0.35 eV one finds a ground state with significant
occupancy of the a1-symmetry orbitals, the copper d3z2−r2, and the apical oxygen pa orbitals
(figure 6). As a result of nonlocal spin compensation the AF interactions between the copper
sites are here more pronounced than those found fortpp > 0.35 eV, but still weaker than
in the undoped limit (N = 2). Finally, atN = 4 the spin–spin correlations change in a
continuous way and are weaker than those atN = 3 for larger tpp. Thus, the ZR singlet
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component becomes screened out in the overdoped regime by the hole doped to the states
of a1 symmetry.

4. Summary and conclusions

The presented results of our finite-cluster calculations give evidence that the ZR singlets
of a1 symmetry compete with the local triplets of b1 symmetry. This competition could be
identified even in the smallest cluster considered: CuO6 filled by two holes. It has been
found that the stabilization of a singlet ground state and/or the increase of the singlet area
of the phase diagram can be achieved in the five-band model by increasing either (i)εa, or
(ii) tpp (which enhances the in-plane covalency), or, finally, (iii)εz. In contrast, increasing
the hopping element to the apical oxygenstpa reduces the singlet area in the{εa, tpp} phase
diagram. The above parameters have quite similar effects on the stability of b1 and a1 local
states in larger clusters.

For the realistic parameters one finds that the singlet ground state is reproduced
reasonably well by the three-band model—the apical oxygens pa and the copper d3z2−r2

orbitals might then be neglected in the naive model for CuO2 planes, at least in the small-
doping regime. For larger doping levels this is certainly not possible, as the triplet excited
state is not well separated from the singlet ground state, and the stability of local singlets in
the cluster is weak or even questionable. However, our calculations suggest that even in the
low-doping regime the apical oxygen states play a role, as the parameters of theeffective
three-band model would depend on these degrees of freedom. Although such a model has
not been derived explicitly so far, a similar situation is known for the effectivet–t ′–J

model which depends sensitively on the a1-symmetry states, renormalizing the effective
next-nearest-neighbour hoppingt ′ of doped holes [19, 41].

In agreement with the observed AF LRO, we found distinct AF correlation between
copper spins for the undoped clusters. This correlation is suppressed by hole doping, where
the strong local AF correlations between a hole on copper, and a second hole on the nearest-
neighbour oxygens dominates for the realistic parameters. This reflects the formation of
local ZR singlets, stable for the realistic parameters. But with decreasingtpp and/orεa the
local singlets are replaced by the local triplets, with significant occupancy of the apical
oxygen orbitals. In this limit one finds a strong AF copper–copper correlation, while the
in-plane copper–oxygen coupling becomes quite small. This crossover between the two
different states may be viewed as a competition between the Kondo effect which stabilizes
the ZR singlets, and the AF interactions between the copper spins which dominate only if
the apical oxygens are occupied by doping.

We have also considered the spectral functions obtained for the undoped and doped
CuO6 and Cu2O11 clusters. The results obtained confirm the generic picture of a charge-
transfer insulator [42, 43], with two Hubbard subbands at low and high energies, and a
broad nonbonding oxygen band in between. The insulating character of the undoped clusters
follows from the Fermi level located within the charge-transfer gap. The spectra contain
a highly correlated state close to the Fermi level which occurs due to the local excitations
of ZR singlets, and becomes occupied by doping the Cu2O11 cluster with one hole. One
finds that the neighbouring low-energy maxima in the photoemission part of the spectral
functions originate from apical oxygen pa and copper d3z2−r2 orbitals. Hence, we have to
conclude that the three-band model reproduces well the inverse photoemission, while the
realistic five-band model considered above is required to describe the photoemission spectra
over a somewhat broader energy range.

We note that the number of holes in the apical oxygen orbitals increases with doping.
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This has important consequences for the superconductivity, as it has been found that the
superconductivity is suppressed by holes on apical oxygens [16, 19]. In this context it is
interesting to reconsider the well known fact that the application of high pressure in the
systems with apical oxygens raises the maximal value of the transition temperature into the
superconducting stateTc (see the discussion in [16, 19]). This experimental fact appears
to be consistent with our findings. First of all, high pressure decreases the bond lengths,
which results in a small increase of interoxygen (tpp and tpa), and of copper–oxygen (txp
and tzp) hopping integrals. These effects compete with each other, as the increase oftpp

should strengthen the stability of the singlet ground state, while the increase oftpa does the
opposite, and the overall effect should be small. However, there are still other and much
stronger effects. First of all, the four oxygens surrounding each copper come closer to the
copper ion which is likely to increase the crystal-field splittingεz. This fact alone favours
the singlet ground state. Secondly, the change of the Madelung potential at the oxygen
in-plane orbitals due to the closer and positively charged apical oxygen sites results in the
lowering of bare atomic energy levels of planar oxygens [16]. The maximal superconducting
temperatureTc is larger for larger values of|εa−εp| [16]. The larger|εa−εp| can be realized
by increasingεa, not only by decreasingεp. So we have shown above that increasingεa

not only decreases the hole occupancy within apical oxygens but also leads to the increase
of Tc.

Finally, we note that doping generates small-polaronic self-trapped local singlets, with
the doped hole stabilizing a local distortion of the lattice, if one includes the coupling to
the lattice [44, 45]. As a result, the local covalency∼tpp increases, and the ZR singlets
are stabilized, in agreement with our present results. Larger doping stabilizes instead
more extended structures not accessible in such small clusters, as domain walls with the
doped holes concentrated on the walls. How such domain walls are connected with the
phenomenon of high-Tc superconductivity remains to be clarified, but certainly the realistic
five-band model considered in this paper deserves more attention in this context.
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